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Circular polarisation

Transverse vector field of a 
circularly polarised Gaussian laser

Assume two values: right-handed (spin 1) or 
left handed (spin -1) circularly polarised

Just like any particle, light can also carry momentum

In addition to linear momentum, light also carries angular momentum

Conservation of angular momentum

Beth’s experiments showed that light’s angular 
momentum exerted a torque on matter.

PHYSICAL REVIEW A VOLUME 45, NUMBER 11 1 JUNE 1992

Orbital angular momentum of light and the transformation of Laguerre-Gaussian laser modes

L. Allen, M. W. Beijersbergen, R. J. C. Spreeuw, and J. P. Woerdman
Huygens Laboratory, Leiden University, P.O. Box 9504, 2300 RA Leiden, The Netherlands

(Received 6 January 1992)

Laser light with a Laguerre-Gaussian amplitude distribution is found to have a well-defined orbital an-
gular momentum. An astigmatic optical system may be used to transform a high-order Laguerre-
Gaussian mode into a high-order Hermite-Gaussian mode reversibly. An experiment is proposed to
measure the mechanical torque induced by the transfer of orbital angular momentum associated with
such a transformation.

PACS number(s): 42.50.Vk

I. INTRODUCTION

It is well known from Maxwell's theory that elec-
tromagnetic radiation carries both energy and momen-
tum. The momentum may have both linear and angular
contributions; angular momentum has a spin part associ-
ated with polarization [1] and an orbital part associated
with spatial distribution [2]. Any interaction between ra-
diation and matter is inevitably accompanied by an ex-
change of momentum. This often has mechanical conse-
quences some of which are related to radiation pressure.
Although an experimental demonstration of the mechani-
cal torque created by the transfer of angular momentum
of a circularly polarized light beam was performed over
50 years ago [1],the work associated with the mechanical
influence of light beams on atoms and matter has been al-
most exclusively concerned with linear momentum [3—5].
Beth [1] made the first observation of the angular

momentum of light following Poynting [6], who inferred
from a mechanical analogy that circularly polarized light
should exert a torque on a birefringent plate and that the
ratio of angular to linear momentum is equal to A, /2n. In
his experiment a half-wave plate was suspended by a fine
quartz fiber [see Fig. 1(a)]. A beam of light, circularly po-

(a)

( Q -h

larized by a fixed quarter-wave plate, passed through the
plate which transformed right-handed circularly polar-
ized light into left-handed circularly polarized light and
transferred 2A of spin angular momentum for each pho-
ton to the birefringent plate. It was found that the mea-
sured torque agreed in sign and magnitude with that pre-
dicted by both wave and quantum theories of light. The
ratio of the angular momentum of N photons in the
beam, J=+NR, to their energy, W=NRco, is kl/co and
Beth's measurement is sometimes referred to as the mea-
surement of the spin angular momentum of the photon.
The purpose of this paper is to investigate whether a

Gaussian mode may be said to possess orbital angular
momentum and to propose a study of the mechanical
consequences which might then arise. The amplitude of
a Laguerre-Gaussian mode has an azimuthal angular
dependence of exp( it/), —where I is the azimuthal mode
index. Analogy between quantum mechanics and paraxi-
al optics [7] suggests that such modes are the eigenmodes
of the angular momentum operator L, and carry an or-
bital angular momentum of lA per photon. The trans-
verse amplitude distribution of laser light is usually de-
scribed in terms of a product of Hermite polynomials
H„(x)H (y ) and associated with TEM„modes.
Laguerre polynomial distributions of amplitude, TEM&I
modes, are also possible but occur less often in actual
lasers. This allows the analogy with quantum mechanics
to be stressed even more strongly. It is well known [8]
that the one-dimensional quantum-mechanical harmonic
oscillator has a solution in the form of a Hermite polyno-
mial and that in two dimensions the solutions may be
written as Laguerre polynomials with energy
( n +m + I )fico, while the eigenvalue of the two-
dimensional angular momentum operator is (n —m )fi. It
seems likely, therefore, that TEM I modes possess well-
defined orbital angular momenta.

FIG. 1. (a) A suspended A, /2 birefringent plate undergoes
torque in transforming right-handed into left-handed circularly
polarized light. (b) Suspended cylindrical lenses undergo torque
in transforming a Laguerre-Gaussian mode of orbital angular
momentum —lh per photon, into one with +IA per photon.

II. ORBITAL ANGULAR MOMENTUM
OF A LAGUERRE-GAUSSIAN MODE

The angular momentum density associated with the
transverse electromagnetic field may be shown [2] to be

M=eor X(EXB)

45 8185 1992 The American Physical Society

Allen et al PRA 1992

Can a circularly polarised laser driver exert a 
torque on relativistic electrons which in turn will 

produce circularly polarised x-rays?
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Helical betatron trajectories can lead to 	
circularly polarised x-rays

jRad

n
v

• Massively parallel and optimal efficiency	

• Space and time resolved spectra and 
total power	

• Trajectory interpolation

J. L. Martins et al Proc. of SPIE 
7359, 73590V (2009)

Polarisation from relativistic charges

tion can then only be currently produced in helical undulators [18], which use a particular

arrangement of magnetic fields to produce helical electron bunch trajectories.

In this Letter we explore a plasma based analogue of the helical undulator, capable of

producing and controlling the production of circularly polarised x-rays in a plasma accel-

erator. Employing theory and three-dimensional OSIRIS [19] simulations, we show that

the interaction of a circularly or elliptically polarised laser driver with an electron bunch

in ionisation injection scenarios [20, 21] leads to helical betatron oscillations of individual

bunch particles. By using the appropriate Stokes parameters we then demonstrate, with

theory and numerical simulations using the massively parallel radiation code jRad [22], that

these collective helical trajectories can lead to the emission of x-rays with degrees of circular

polarisation up to 40%. We show that the flux of circularly polarised betatron photons

can also be precisely controlled by tuning the laser polarisation, which also determines the

spatial distribution of circularly polarised x-ray radiation. Our findings can be tested today

with currently available experimental conditions.

We start by considering the radiation field E(t) emitted by a moving electron with mass

me and charge −e, given by:

E(t
′
) =

⎡

⎣e

c

n×
{
(n− β)× β̇

}

(1− β · n)3R

⎤

⎦

ret

=

[
e

c

(β · n− 1) β̇ + n · β̇ (n− β)

(1− β · n)3R

]

ret

. (1)

where c is the speed of light, n is the unit vector that goes from the charge to the observation

point, R(t) = x − n · r(t)/c is the distance from the charge to the observation point in the

detector, x is the distance of the origin to the observation point, r(t) is the moving charge

trajectory, and where β = dr/dt and β̇ = dβ/dt are the velocity and acceleration normalised

to c. In addition, the subscript ret means that quantities are evaluated at the retarded time

t
′
= t+R(t)/c. Vector quantities are in bold.

The right-hand side of Eq. (1) establishes the relation between the direction of the radi-

ated electric field and the direction of the electron velocity and electron acceleration. In order

to clearly evidence this relation we consider the radiation emitted by an ultra-relativistic

electron in the far-field. Close to the axis, such that n ≃ (0, 0, 1) ≃ ez (ez is the unit vector

pointing in the longitudinal z direction), the transverse electric field components E⊥ given

3

Relativistic electron far field: helical e- 

trajectories can lead to circular/elliptical X-rays
by Eq. (1) can be re-written as:

E⊥(t
′
) =

[
e

cR

β⊥β̇z − β̇⊥ (1− βz)

(1− βz)
3

]

ret

(2)

where βz is the longitudinal electron velocity and where β⊥ is the transverse electron velocity.

Equation (2) shows that the polarisation properties can be fully controlled through β⊥ and

through its time derivative β̇⊥. Thus, radiation will be linearly polarised when the betatron

trajectories are defined in a single plane, and circularly or elliptically polarised when electron

trajectories are helical. The level of circular polarisation Pc is given by the Stokes parameters,

in which Pc = V/I, where V = −2⟨Im
(
ExE∗

y

)
⟩ and where I = |E⊥|2. The brackets

⟨·⟩ represent a time average needed to describe the polarisation features of light with a

broad spectra. We can determine a simple scaling for Pc by assuming simplified betatron

trajectories where β̇z ≪ β̇x or β̇z ≪ β̇y, and by assuming helical betatron trajectories where

βx ∼ exp (iωβt) and βy ∼ exp (iωβt+ iϕ), and where ϕ is a phase. For a single electron

executing helical betatron trajectories, Pc ∼ sin (ϕ). A similar scaling can also be obtained

for the angular momentum Lz ∼ r⊥ × β⊥ = |r⊥||β⊥| sinϕ. These expressions indicate that

the degree of circular polarisation can be controlled by the ellipticity of the trajectory, or,

equivalently, by its angular momentum [23].

The estimate for the level of circular polarisation can be extended for a particle beam with

N electrons considering that the transverse velocity of each beam particle is βx,n ∼ cos (ωβ,nt)

and βy ∼ cos (ωβ,nt+ ϕn). Neglecting effects associated with the longitudinal acceleration

(terms proportional to β̇z in Eq. (2)), the resulting electric field is E⊥ ∝ Σnβn. Employ-

ing the random phase approximation [24], and assuming that the retarded time is similar

for all electrons except for a constant factor associated with its initial position, then gives

Pc ∼ ⟨Im
(
Σn,mβx,nβ∗

y,m

)
⟩ ∼ ⟨Im

{∑
n,m exp [i (ωm − ωn) t− iϕm]

}
⟩ ∼ (1/N)

∑
n sinϕn. In

practice, the latter assumption implies that electrons are characterised by a same relativistic

factor γ. The total amount of circular polarisation then corresponds to the average circular

polarisation value of each electron. As a result, the production of circularly polarised be-

tatron x-rays can be achieved when each single beam electron performs a helical betatron

trajectory.

There are various possibilities to generate helical betatron oscillations in a plasma acceler-

ator. Examples include injecting an electron bunch off axis [26, 28] with a transverse velocity

component, using external longitudinal magnetic fields; employing asymmetric drivers that

4

Total beam polarisation is the average 
polarisation of each beam electron.

⟨Pc⟩ =
1

N
ΣiPi

Random phase approximation: 		
L. O. Silva et al Phys. Rev. E 59, 2273 (1999)
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The angular momentum of light can exert a torque on 	
relativistic plasma electrons

Ionisation injection with DLA

3D OSIRIS simulation with a mixture of Helium with Nitrogen

circularly polarised laser	
(I~10^18 W/cm2)

Gas: ~99%He + ~1%N 
(1018-1019 cm-3)

N6-7 
electrons

The laser modulates the outer Nitrogen shell electrons
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DLA leads to helical bunch currents and trajectories

e-s respond to laser polarisation
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DLA leads to helical bunch currents and trajectories

e-s respond to laser polarisation
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Betatron x-ray polarisation can be adjusted 	
by driver polarisation

Circularly polarised x-rays Polarisation control
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J Vieira et al, submitted (2016)
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φ is the phase difference between the 
two orthogonally polarised drivers

We may be able to control the spin angular 
momentum of x-ray photons for high energy 

density science
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The orbital angular momentum of light is an unexplored degree of 
freedom for laser-plasma interactions

Laser electric field isosurfaces

Helical wavefronts

Transverse slice of laser envelope

Donut-shaped intensity profiles

Applications	
• Astrophysics	
• Ultrafast optical communications	
• Nano particle manipulation

Laser-plasma accelerators

High gradient positron acceleration

Shaped electron/x-ray beams

Ion acceleration (maybe reduce divergence)

Production and amplification of OAM lasers in plasmas:  J. Vieira, R. Trines et al Nat. Comms, accepted (2016)
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Laguerre-Gaussian lasers drive doughnut plasma waves 	
in strongly non-linear regimes

Non-linear doughnut bubbles

Positrons 
accelerate here
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J. Vieira and J. T. Mendonça PRL 112, 215001 (2014)

Hollow electron 
bunch

Hollow bubble

(a) E  [m  ct  /e]1 e p

-0.045

 0.045

Laguerre-
Gaussian laser

doughnut plasma 
wave

J. T. Mendonça and J. Vieira, PoP 21, 033107 (2014) 

Linear doughnut wakefields
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zoom of the simulation box

electrons merge on-axis 
providing positron focusing
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Very strong 
positron focusing 

fields

Bubble like e+ 
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fields

The onset of positron focusing and acceleration occurs when 	
the inner sheath of the doughnut bubble merges on-axis

Similar physics when using linear combinations of TEM 
modes: L.-L. Yu, C.B. Schroeder et al. PoP 21, 
120702 (2014)
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focused+accelerated 
positrons

self-guided 
propagation

positron bunch	
(Ɣi=200)

laser	
(a0=6.8 with 2 J)

Plasma	
(n0=7.7x1018cm-3)
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gradient
~1.5 Zr	

70% laser energy 
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3D simulations show positron acceleration in 	
strongly non-linear regimes

3D simulation of e+ acceleration e+ bunch is quasi mono energetic
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All-optical radiation reaction configuration

accelerated 
electrons

laser wakefield accelerator in 
bubble regime second laser	

I ~ 1021 W/cm2

Identifying radiation reaction signatures in electron beam spectrum

X-ray ( ɣ-ray ) 
detector

M. Vranic et al, PRL 113, 1348001(2014) Jorge Vieira | Workshop High Energy Density Science | January 20, 2016 
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Head-on collision in 3D with radiation reaction
LWFA electrons (1 GeV) lose energy in the interaction with an intense laser (1021 W/cm2)

self - injected 
electrons

electron 
energy

M. Vranic et al, PRL 113, 1348001(2014)
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~40% energy loss for 1 GeV beam at 1021 W/cm2

3D full-scale parameter scan

Ε
  
 Ε

  
 

a b
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SL
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*

*

Radiation reaction can be tested with state-of-the-art lasers in this configuration

1 PW
10 PW

e

M. Vranic et al, PRL 113, 1348001(2014)
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Pairs can be produced already at ! = 0.6
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Simulations performed by M. Vranic and T. Grismayer	
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3D OSIRIS QED - colliding laser cascades at ! ≳ 1 

λ0 = 1μm 	
Lpulse = 100 λ0	

Particles remain in the 	
x1-x2 plane

Particles explore the whole 
space

Particles rotate mainly 	
in the x2-x3 plane

 positron
electron

 photon
 positron
electron

➡ a0 = 1000, λ = 1 um,	
➡ τ = 30 fs,  W0 = 5 um

Laser parameters

 photon

T. Grismayer, M. Vranic

Linear Double clockwise Clockwise-anti clockwise
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T. Grismayer, M. Vranic et. al, 	
Submitted to PRL,  	
ArXiv: 1511.07503

Laser absorption via QED cascades	
absorption model + 2D, 3D sim.

T. Grismayer, M. Vranic et. al, 	
Submitted to POP (APS invited paper),  	
ArXiv: 1512.05174
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-0.045

 0.045Twisted lasers for LWFA
• Production of exotic particle beams 

with non-trivial dynamics 	
• High gradient positron acceleration	
• Could be tested in phase I

High field physics
• Radiation reaction can be observed with 

today’s lasers	
• Pair production can be achieved with BELLA-

i parameters	
• Could be tested in Phase II-III


